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ABSTRACT
The kinematical effect induced by the transversal motion of a gravitational lens on the fre-
quency shift of light has been investigated in detail, while the effect of the radial motion is
thought to be much smaller than the transversal one and thus has usually been neglected. In
this work, we find that the radial velocity effect on the frequency shift has the same order of
magnitude as that of the transversal velocity effect, when the light emitter (or the receiver)
is close to the gravitational lens with the distance between them being an impact parameter
scale. The significant velocity effect is usually transient due to the motion of the gravitational
lens relative to the light emitter or the receiver.
Key words: gravitation – black hole physics – methods: analytical
1 INTRODUCTION
Translational motion of a gravitational system makes the field time-
dependent and the induced velocity effect affects the propagation of
electromagnetic waves. The issue of gravitational frequency shift
of light caused by a moving central body has been studied by sev-
eral groups (Birkinshaw & Gull 1983; Gurvits & Mitrofanov 1986;
Khmil 1988; Pyne & Birkinshaw 1993; Kopeikin & Schäfer 1999;
Molnar & Birkinshaw 2003; Wucknitz & Sperhake 2004; Killedar
& Lewis 2010; Molnar et al. 2013; Banik & Zhao 2015). Especially,
Birkinshaw & Gull (1983) investigated the transversal velocity ef-
fect of cluster of galaxies via a characteristic two-sided pattern of
the brightness of an isotropic background radiation. They showed
that the gravitational frequency shift of light is proportional to the
transversal velocity of the gravitational lens in the low-velocity
limit and the light deflection angle, which was further considered in
the fully relativistic framework (Pyne & Birkinshaw 1993). Later,
Kopeikin & Schäfer (1999) constructed their theory for the light
propagation in the gravitational field of an arbitrarily moving N-
body system, in which the frequency shift of light was calculated
in the first post-Minkowskian (PM) approximation. Wucknitz &
Sperhake (2004) studied the kinematical effect on the leading-order
gravitational deflection of test particles and the leading-order fre-
quency shift of light induced by a moving Schwarzschild source.
The previous work shows that the kinematical effect on the
gravitational frequency shift caused by the transversal motion of
the gravitational lens is dominant relative to that of the lens’ radial
motion. This conclusion is indeed valid for the scenario in which
both the light emitter and the receiver are located far away from
the gravitational lens. However, when the emitter or the receiver
is close to the gravitational lens, this is not the case, and the ra-
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dial velocity effect has a similar order of magnitude to that of the
transversal velocity effect, though the effective time for it is short in
most astrophysical situations. In this work, we re-study the velocity
effect on the first-order gravitational frequency shift of light prop-
agating in the equatorial plane of a radially moving Schwarzschild
black hole, based on the Lorentz boosting technique. In order to
compare the magnitude of the radial velocity effect with that of the
transversal velocity effect on the gravitational frequency shift, we
also re-derive the explicit form of the first-order frequency shift in-
duced by a transversally moving Schwarzschild source. We restrict
our discussions in the weak-field, small-angle, and thin lens ap-
proximation. For simplicity, we assume that both the light emitter
and the receiver are static in the rest frame of the background.
This paper is organized as follows. In Section 2, we first re-
view the weak-field metric of the moving Schwarzschild source and
then calculate the gravitational frequency shift up to the 1PM or-
der. Section 3 presents the discussions of the velocity correctional
effect on the gravitational shift of frequency. The summary is given
in Section 4.
In what follows, we use natural units in which G = c = 1.
2 GRAVITATIONAL FREQUENCY SHIFT CAUSED BY A
RADIALLY MOVING SCHWARZSCHILD SOURCE
2.1 The 1PM metric for a radially moving Schwarzschild
black hole
Let {e1, e2, e3} be the orthonormal basis of a three-dimensional
Cartesian coordinate system. (t, x, y, z) and (X0, X1, X2, X3)
denote the rest frame of the background and the comoving frame
for the barycentre of the gravitational lens, respectively. Then, the
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1PM harmonic metric for a moving Schwarzschild black hole with
a constant radial velocity v = ve1 can be written as (Wucknitz &
Sperhake 2004; He & Lin 2015)
g00 = −1 + 2(1 + v
2)γ2M
R
+O(M2) , (1)
g0i = −4v γ
2M
R
δi1 +O(M
2) , (2)
gij =
(
1 +
2M
R
)
δij +
4v2γ2M
R
δi1δj1+O(M
2) , (3)
where i and j take values among the set {1, 2, 3}, δij denotes
Kronecker delta, and γ = (1 − v2)− 12 is the Lorentz factor. M is
the rest mass of the gravitational lens, and Φ≡−M
R
(R >> M)
denotes the Newtonian gravitational potential, with R2 = X21 +
X22 + X
2
3 . Note that the coordinates X0, X1, X2, and X3 are
related to t, x, y, and z by the Lorentz transformation
X0 ≡ T = γ(t− vx) , (4)
X1 ≡ X = γ(x− vt) , (5)
X2 ≡ Y = y , (6)
X3 ≡ Z = z . (7)
2.2 First-order frequency shift due to the moving
Schwarzschild black hole
We derive the gravitational frequency shift up to the 1PM order for
the light propagating in the equatorial plane (z = ∂
∂z
= 0) of the
moving Schwarzschild black hole. Figure 1 shows the schematic
model for the propagation of light which is assumed to take the
prograde motion relative to the rotation of the gravitational lens.
The spatial coordinates of the light emitter (marked by A on the
source plane) and the receiver (marked byB on the observer plane)
are denoted as (xA, yA, 0) and (xB , yB , 0) in the background’s
rest frame, respectively, where yA < 0, xA < 0, and xB > 0.
b denotes the impact parameter (He & Lin 2016). The blue line
represents the propagating path of a photon with its initial veloc-
ity w|x→−∞ (= e1) being parallel to the black hole’s velocity v.
The locations of A and B are denoted in the comoving frame by
(XA, YA, 0) and (XB , YB , 0), respectively. Notice that we use
tA and tB to denote the coordinate times of the emitter and the
receiver, respectively.
The general form of the relative gravitational frequency shift
is defined by (Synge 1960; Kopeikin & Schäfer 1999)
∆ν
ν
≡ νB
νA
− 1 ≡ dτA
dτB
− 1 = dτA
dtA
dtA
dtB
dtB
dτB
− 1 , (8)
where dτA
dtA
and dtB
dτB
for the light emitterA and the receiverB being
static (vA = vB = 0) in the background’s rest frame (t, x, y, z)
are written as follows:
dτA
dtA
=
√
−gA00 =
[
1− 2 (1 + v
2)γ2M
RA
] 1
2
, (9)
dtB
dτB
=
1√
−gB00
=
[
1− 2(1 + v
2)γ2M
RB
]− 1
2
, (10)
with τA and τB being the proper times of the light emitter and the
receiver, respectively.
In order to calculate the analytical form of dtA
dtB
, we need the
1PM time delay caused by the moving Schwarzschild black hole,
which has been obtained in He & Lin (2016) as
tB − tA = xB − xA + ∆(tB , tA) , (11)
with
∆(tB , tA) = 2(1−v)γM ln
(√
X2B + b
2 +XB√
X2A + b
2 +XA
)
. (12)
Note that here XA = γ(xA − vtA) and XB = γ(xB − vtB).
For the case of vA = vB = 0, the explicit form of dtAdtB can
be calculated by (Kopeikin & Schäfer 1999)
dtA
dtB
=
1− ∂∆(tB , tA)
∂tB
1 + ∂∆(tB , tA)
∂tA
, (13)
where ∂∆(tB , tA)
∂tA
and ∂∆(tB , tA)
∂tB
can be computed from Eq. (12)
as follows:
∂∆(tB , tA)
∂tA
=
2vM
(1 + v)
√
X2A+b
2
, (14)
∂∆(tB , tA)
∂tB
= − 2vM
(1 + v)
√
X2B+b
2
. (15)
In addition, the explicit form of X2 up to the 0PM order can
be written as (He & Lin 2016)
X2 = y = −b+O(M) , (16)
which leads to the 0PM forms of RA and RB as follows:
RA =
√
X2A+b
2 +O(M) , (17)
RB =
√
X2B+b
2 +O(M) . (18)
Substituting Eqs. (9) - (10) and (13) - (18) into Eq. (8), up
to the 1PM order, we can obtain the explicit form of the relative
gravitational frequency shift caused by the moving Schwarzschild
source
∆ν
ν
=
(
1+2v−v2) γ2( M√
X2B+b
2
− M√
X2A+b
2
)
. (19)
In order to express Eq. (19) in terms of the quantities in the
background’s rest frame (t, x, y, z), we adopt the 0PM forms of
XA and XB given in He & Lin (2016) as follows:
XA = (1− v) γ xA +O(M) , (20)
XB = (1− v)γ xB +O(M) . (21)
Plugging Eqs. (20) - (21) into Eq. (19), we have
∆ν
ν
=
(
1 + 2v − v2)γ2M( 1
SB
− 1
SA
)
, (22)
with
SA ≡
√
(1− v)2 γ2 x2A + b2 , (23)
SB ≡
√
(1− v)2 γ2 x2B + b2 . (24)
It can be seen that for the non-moving Schwarzschild black
hole (v = 0), Eq. (22) reduces to
∆ν
ν
= M
(
1√
x2B + b
2
− 1√
x2A + b
2
)
. (25)
3 VELOCITY EFFECT ON GRAVITATIONAL
FREQUENCY SHIFT
In this section, we discuss the radial velocity effect on the gravita-
tional frequency shift, and compare it with the transversal velocity
effect for the leading-order frequency shift.
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Figure 1. Schematic model for the light propagating in the gravitational field of the moving Schwarzschild black hole. The gravitational deflection is greatly
exaggerated to distinguish the perturbed path (blue line) from the unperturbed path (dashed horizontal line). Notice that for the emission event (t = tA) the
black hole is located at the position (vtA, 0, 0), while it is located at (vtB , 0, 0) for the reception event (t = tB).
3.1 Radial velocity effect on the gravitational frequency shift
Comparing Eqs. (22) and (25), we can easily get the general form of
the radial velocity effect on the first-order gravitational frequency
shift as follows:
∆M (v) =
(
1 + 2v − v2) γ2M ( 1
SB
− 1
SA
)
− M√
x2B + b
2
+
M√
x2A + b
2
. (26)
3.2 Transversal velocity effect on the first-order gravitational
frequency shift
In the literatures, the radial velocity effect is usually neglected in
the investigation of the kinematical effect on the frequency shift.
However, we find that the magnitude of the radial velocity effect
may have a similar order to that of the transversal velocity effect. In
order to compare them more conveniently, we re-derive the explicit
form of the first-order gravitational frequency shift induced by a
transversally moving Schwarzschild black hole.
For distinguishing the transversal comoving system from the
radial one, we denote the comoving frame of the barycentre of a
transversally moving gravitational lens as (X
′
0, X
′
1, X
′
2, X
′
3).
Then, the 1PM harmonic metric for a moving Schwarzschild source
along y-axis with a transversal velocity v = vTe2 can be written
as (He & Lin 2015)
g00 = −1 + 2(1 + v
2
T )γ
2
TM
RT
+O(M2) , (27)
g0i = −4vT γ
2
TM
RT
δ2i +O(M
2) , (28)
gij =
(
1 +
2M
RT
)
δij +
4v2T γ
2
TM
RT
δ2iδ2j +O(M
2) , (29)
where γT = (1 − v2T )−
1
2 denotes the Lorentz factor for the
transversal motion and RT =
√
X
′2
1 +X
′2
2 +X
′2
3 . The coordi-
nates X
′
1, X
′
2, X
′
3, and X
′
0 are related to t, x, y, and z via the
following Lorentz transformation
X
′
0 ≡ T
′
= γT (t− vT y) , (30)
X
′
1 ≡ X
′
= x , (31)
X
′
2 ≡ Y
′
= γT (y − vT t) , (32)
X
′
3 ≡ Z
′
= z . (33)
Before we derive the gravitational frequency shift, we need
to calculate the first-order time delay of the light propagating in
the equatorial plane (z = ∂
∂z
= 0) of the moving Schwarzschild
source. To do so, we need the explicit form of the coordinate time
t up to the 1PM order. Following the same procedure in He & Lin
(2016), we can obtain the integrating form of the 1PM coordinate
time based on Eqs. (27) - (29)
t =
∫ (
1 +
2γ2TM
RT
)
dx+O(M2)
= x+
∫
2γ2TM√
x2 + γ2T (y − vT t)2
dx+ C +O(M2) , (34)
where C denotes the integral constant which becomes 0 if we
choose a suitable value for tA. For simplicity we choose C = 0
here. Therefore, from Eq. (34) we can get the zeroth-order form of
t as follow
t = x+O(M) . (35)
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Substituting Eq. (35) into the second equality of Eq. (34), we have
t=x+2γTMln
[
x+vT γ
2
T (vTx−y)+γT
√
x2+γ2T (y−vTx)2
]
+O(M2)
= x+2γTMln
(
γT
√
x2+Y ′2+x−vT γTY
′)
+O(M2) . (36)
From Eq. (36), we can obtain the 1PM form for the time delay
of the light propagating in the equatorial plane of the moving lens
from the emitter located at (xA, yA, 0) to the receiver located at
(xB , yB , 0) as follow
tB − tA = xB − xA + ∆(tB , tA)T +O(M2) , (37)
where
∆(tB , tA)T = 2 γTM ln
γT
√
x2B+Y
′2
B +xB−vT γTY
′
B
γT
√
x2A+Y
′2
A +xA−vT γTY ′A
 ,
(38)
with
Y
′
A = γT (yA − vT tA) , Y
′
B = γT (yB − vT tB) . (39)
From Eq. (38) we have
∂∆(tB , tA)T
∂tA
=
∂∆(tB , tA)T
∂Y
′
A
∂Y
′
A
∂tA
= −
2vT γ
3
TM
(
vT − Y
′
A√
x2
A
+Y
′2
A
)
γT
√
x2A + Y
′2
A + xA − vT γTY ′A
, (40)
∂∆(tB , tA)T
∂tB
=
∂∆(tB , tA)T
∂Y
′
B
∂Y
′
B
∂tB
=
2vT γ
3
TM
(
vT − Y
′
B√
x2
B
+Y
′2
B
)
γT
√
x2B + Y
′2
B + xB − vT γTY ′B
. (41)
Finally, substituting Eqs. (27), (40) and (41) into Eq. (8), we
can obtain the explicit form of the 1PM gravitational frequency
shift caused by the transversally moving Schwarzschild black hole
as follow
∆ν
ν
=
√√√√√√√
1− 2(1+v2T )γ2TM√
x2
A
+Y
′2
A
1− 2(1+v2T )γ2TM√
x2
B
+Y
′2
B
1−
2vT γ
3
TM
vT− Y ′B√
x2
B
+Y
′2
B

γT
√
x2
B
+Y
′2
B
+xB−vT γT Y ′B
1−
2vT γ
3
T
M
vT− Y ′A√
x2
A
+Y
′2
A

γT
√
x2
A
+Y
′2
A
+xA−vT γT Y ′A
− 1
=
2vT γ
3
TM
(
vT− Y
′
A√
x2
A
+Y
′2
A
)
γT
√
x2A+Y
′2
A +xA−vT γTY ′A
+
(1+v2T )γ
2
TM√
x2B + Y
′2
B
−
2vT γ
3
TM
(
vT− Y
′
B√
x2
B
+Y
′2
B
)
γT
√
x2B+Y
′2
B +xB−vT γTY ′B
− (1+v
2
T )γ
2
TM√
x2A + Y
′2
A
=
2vT γTM
(
vT − yA−vT xA√
x2
A
+y2
A
−2vT xAyA
)
√
x2A + y
2
A − 2 vT xA yA + xA − vT yA
−
2vT γTM
(
vT − yB−vT xB√
x2
B
+y2
B
−2vT xByB
)
√
x2B + y
2
B − 2 vT xB yB + xB − vT yB
+
(1 + v2T ) γT M√
x2B+y
2
B−2 vT xB yB
− (1 + v
2
T ) γT M√
x2A+y
2
A−2 vT xA yA
, (42)
where we have made use of the zeroth-order relations Y
′
A =
γT (yA − vTxA) +O(M) and Y ′B = γT (yB − vTxB) +O(M).
It can be seen that for the case of both the light emitter and the
receiver being far away from the moving gravitational lens with a
low velocity (xA  −b, xB  b, |vT |  1), up to the first order
in velocity (FOV), Eq. (42) reduces to (Birkinshaw & Gull 1983;
Pyne & Birkinshaw 1993; Kopeikin & Schäfer 1999; Wucknitz &
Sperhake 2004; Killedar & Lewis 2010)
∆ν
ν
=
2vT γTM
(
vT − yA−vT xA√
x2
A
+y2
A
−2vT xAyA
)
√
x2A + y
2
A − 2vTxAyA + xA − vT yA
=
4vTM
b
. (43)
Here, yA = −b+ O(M) and yB = −b+ O(M) have been used,
and the terms with the factor bi/xjA or b
i/xjB (i = 0, 1, 2, ...; j =
1, 2, 3, ...) have been dropped. Notice that in Pyne & Birkinshaw
(1993) and Wucknitz & Sperhake (2004) the deflection angle is
negative since yA > 0 is chosen there.
Comparing Eq. (25) with Eq. (42), we can write down the
transversal velocity effect on the first-order gravitational frequency
shift as
∆M (vT ) =
2vT γTM
(
vT − yA−vT xA√
x2
A
+y2
A
−2vT xAyA
)
√
x2A + y
2
A − 2 vT xA yA + xA − vT yA
−
2vT γTM
(
vT − yB−vT xB√
x2
B
+y2
B
−2vT xByB
)
√
x2B + y
2
B − 2 vT xB yB + xB − vT yB
+
(1 + v2T ) γT M√
x2B+y
2
B−2 vT xB yB
− (1 + v
2
T ) γT M√
x2A+y
2
A−2 vT xA yA
− M√
x2B + y
2
B
+
M√
x2A + y
2
A
. (44)
3.3 Discussions
We now concentrate on analyzing the magnitudes of the radial and
transversal velocity effect on the frequency shift given in Eqs. (26)
and (44), respectively. Throughout this subsection, the zeroth-order
relations yA = −b+ O(M) and yB = −b+ O(M) will be used.
For simplicity, our consideration is also limited in the FOV approx-
imation (the low-velocity case) and we assume |v| = |vT |.
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3.3.1 The case for xA  −b and xB  b
When both the light emitter and the receiver are far away from the
gravitational lens, the magnitude of the transversal velocity effect
is |∆M (vT )| ≈ 4|vT |Mb , which is much lager than that of the ra-
dial velocity effect |∆M (v)| ≈ 3|v|M | 1xB +
1
xA
| . In other words,
we can ignore the radial velocity effect when compared with the
transversal velocity effect on the first-order gravitational frequency
shift (Pyne & Birkinshaw 1993; Kopeikin & Schäfer 1999; Wuck-
nitz & Sperhake 2004).
3.3.2 The case for xA ∼ −b and xB  b
When the x position of the light emitter has the same order of mag-
nitude as impact parameter b while the receiver is still far away
from the black hole, Eqs. (44) and (26) reduce to
∆M (vT ) =
2vTM
b
(
1− xA√
x2A + b
2
)
+
vTMbxA
(x2A + b
2)
3
2
∼ O(vTM
b
) , (45)
∆M (v) = −vM(3x
2
A + 2 b
2)
(x2A + b
2)
3
2
∼ O(vM
b
) , (46)
where we have dropped the terms with the factor vT /x2B or v/xB
since these terms are much smaller than the residual. Eqs. (45) and
(46) show that the magnitude of the radial velocity effect has the
same order as that of the transversal velocity effect on the leading-
order gravitational shift of frequency, in other words, the radial ve-
locity effect cannot be neglected any more. For example, if we set
xA = −5b, b = 1.0 × 105M, v = vT = 0.0001, then, ∆M (v)
and ∆M (vT ) will be about −0.58 × 10−9 and 3.92 × 10−9, re-
spectively. Especially, if xA = 0, we find that ∆M (vT ) = 2vTMb
and ∆M (v) = − 2vMb , i.e., they have the same magnitude.
3.3.3 The case for xA  −b and xB ∼ b
When the light emitter is far away from the gravitational lens while
xB has the same order of magnitude as b, Eqs. (44) and (26) can be
simplified as
∆M (vT ) =
2 vTM
b
(
1 +
xB√
x2B + b
2
)
− vTMbxB
(x2B + b
2)
3
2
∼ O(vTM
b
) , (47)
∆M (v) =
vM(3x2B + 2 b
2)
(x2B + b
2)
3
2
∼ O(vM
b
) , (48)
where the terms with the factor vT /x2A or v/xA have been dropped.
In this case, the magnitude of the radial velocity effect also has the
same order as that of the transversal velocity effect. Notice that
Eqs. (47) and (48) can also be obtained from Eqs. (45) and (46)
respectively by the exchange xA → −xB , because of the reversal
symmetry of the light path.
3.3.4 The case for xA ∼ −b and xB ∼ b
In this case (|xA| 6= |xB |), both the light emitter and the receiver
are close to the gravitational lens, and Eqs. (44) and (26) reduce to
∆M (vT ) = vTM
[
xB(2x
2
B + b
2)
b(x2B + b
2)
3
2
− xA(2x
2
A + b
2)
b(x2A + b
2)
3
2
]
∼ O(vTM
b
) , (49)
∆M (v) = vM
[
3x2B + 2b
2
(x2B + b
2)
3
2
− 3x
2
A + 2b
2
(x2A + b
2)
3
2
]
∼ O(vM
b
) . (50)
Again, the magnitude of the radial velocity effect also has the same
order as that of the transversal velocity effect in this case.
It should be pointed out that the radial velocity effect is only
significant for a small time in most scenarios, because of the motion
of the gravitational lens relative to the light source or the receiver.
4 SUMMARY
We have studied the velocity effect on the first-order gravitational
frequency shift of light propagating in the equatorial plane of a radi-
ally moving Schwarzschild source. It is found that the contribution
of the radial velocity effect to the gravitational frequency shift has
the same order of magnitude as that of the transversal velocity ef-
fect and thus can not be neglected, when the light emitter or the
receiver is close to the gravitational lens. The significant velocity
effect is usually only transient.
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